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Abstract—We characterise the optimal broadcast rate for a
few classes of pliable-index-coding problems. This is achieved by
devising new lower bounds that utilise the set of absent receivers
to construct decoding chains with skipped messages. This work
complements existing works by considering problems that are not
complete-S, i.e., problems considered in this work do not require
that all receivers with a certain side-information cardinality to
be either present or absent from the problem. We show that for
a certain class, the set of receivers is critical in the sense that
adding any receiver strictly increases the broadcast rate.
I. INTRODUCTION
Index coding studies the optimal coding and rate require-
ments in a network with a single sender and multiple receivers
connected by a noiseless broadcast link. In index coding, the
sender is assumed to have m messages and each receiver knows
a subset of the m messages and wants a specific subset of
messages it does not know. Index coding [1]–[4], its secure
variant [5, 6], and its connection to network coding [7]–[9]
have received significant research interest.
Recently, a variant of index coding, known as pliable index
coding, was introduced [10]. In this pliable variant, each
receiver is posited not to want a specific subset, but instead to
want any subset of t messages it does not already know. This
variant is natural in applications where the receiver is flexible in
which unknown message it wants to receive. One such example
is when multiple receivers are each seeking a picture of an
object on the internet, but each does not particularly care for
a specific picture of the object.
Brahma and Fragouli [10] focused solely on linear codes for
pliable-index-coding problems and established that the problem
is NP-hard. Further, they showed that if each receiver has at
least smin and at most smax messages, then min{smax+t,m−smin}
is an upper bound on the minimum number of transmissions
(which is referred to as the minimum broadcast rate) required
for each receiver to obtain t additional messages. And this
bound is tight if the sender knows only the number of messages
(as opposed to the exact message sets) that each receiver knows.
For a general setup, they approximated the order of dependence
of the minimum broadcast rate in the limit as the number of
messages and receivers grows.
Song and Fragouli [11] also restricted their analysis to linear
codes to show that if receivers having every possible strict
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subset of the message set are present, then the sender needs
to send all m messages. This result of all receivers being
present was further strengthened by Liu and Tuninetti [12] to
all (including non-linear) pliable index codes.
Liu and Tuninetti [12] defined a class of complete-S pliable-
index-coding problems, where S ⊆ {0, . . . ,m−1} is a parameter.
Given S ⊆ {0, . . . ,m−1}, a complete-S problem consists of all(m
i
)
receivers each having a different combination of i messages,
for every i ∈ S. Focusing on the case that each receiver requires
only one message (that is, t = 1), they showed that the minimum
broadcast rate for any linear or non-linear pliable index code for
a complete-S problem with S = {0, . . . ,m−1}\{smin, . . . , smax}
is precisely |S | = m − smax + smin + 1.
They later [13] derived tight lower bounds based on decoding
chains and maximum acyclic induced subgraphs to show that
the minimum broadcast rate for any linear or non-linear pliable
index code for a complete-S problem with S = {smin, . . . , smax}
and t = 1 equals min{smax + 1,m − smin}.
Existing results on exact minimum broadcast rates were
established for certain complete-S problems. This paper con-
siders the case t = 1 and problems that are in general not
complete-S. We identify a new technique based on absent
receivers to construct decoding chains with skipped messages
to derive lower bounds on the minimum broadcast rate for
all pliable-index-coding problems that are applicable to both
linear and non-linear codes. When combined with matching
transmission codes (upper bounds), we establish precisely the
minimum broadcast rate for several classes of pliable-index-
coding problems.
We also introduce a notion of critical set of receivers; such
sets of receivers are maximal in the sense that the addition of
any new receiver (that is absent) strictly increases the broadcast
rate. In other words, each critical set of receivers is a maximal
set of receivers supported by a fixed broadcast rate.
A. Problem Formulation
We use the following notation: Z+ denotes the set of natural
numbers, [a : b] := {a, a + 1, . . . , b} for a, b ∈ Z+ such that
a < b, and XS = (Xi : i ∈ S) for some ordered set S.
Consider a sender having m ∈ Z+ messages, denoted by
X[1:m] = (X1, . . . , Xm). Each message Xi ∈ Fq is independently
and uniformly distributed over a finite field of size q. There
are n receivers having distinct subsets of messages, which we
refer to as side information. Each receiver is labelled by its
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side information, i.e., the receiver that has messages XH , for
some H ( [1 : m], will be referred to as receiver H or receiver
with side information H. The aim of the pliable-index-coding
problem is to devise an encoding scheme for the sender and a
decoding scheme for each receiver satisfying pliable recovery
of a message at each receiver.
Without loss of generality, the side-information sets of
the receivers are distinct; all receivers having the same side
information can be satisfied if and only if (iff) any one of
them can be satisfied. Also, no receiver has side information
H = [1 : m] because this receiver cannot be satisfied. So,
there can be at most 2m−1 receivers present in the problem. A
pliable index coding problem is thus defined uniquely by m and
the set U ⊆ 2[1:m] \ {[1 : m]} of all receiver side information
present in the problem. Lastly, any receiver that is not present,
i.e., receiver H ∈ 2[1:m] \ ({[1 : m]} ∪ U), is said to be absent.
Example 1: Let m = 3, and U = {∅, {1}, {2}, {1, 2}, {2, 3}]}.
Then, the receivers {3} and {1, 3} are absent.
Given a pliable-index-coding problem with m messages and
receivers U, a pliable index code of length ` ∈ Z+ consists of
• an encoding function of the sender, E : Fmq → F`q; and
• for each receiver H ∈ U, a decoding function DH : F`q ×
F
|H |
q → Fq , such that DH (E(X[1:m]), XH ) = Xi , for some
i ∈ [1 : m] \ H.
The above formulation requires the decoding of only one
message at each receiver, similar to that in Liu and Tuninetti [12,
13]. Lastly, the aim is to find the optimal broadcast rate for
a particular message size q, denoted by βq := minE, {D} ` and
the optimal broadcast rate over all q, denoted by β := infq βq .
Remark 1: All results in this paper will be derived for βq
for all q ∈ Z+. Consequently, the results are also valid for β.
II. NEW LOWER BOUNDS
A. An optimal-rate expression
We first express a lower bound on the optimal broadcast
rate for pliable index coding in terms of an equivalence notion
for index coding. Define decoding choice D as follows:
D : U→ [1 : m], such that D(H) ∈ [1 : m] \ H. (1)
Here, D(H) is the message decoded by receiver H.
Let Pm,U denote a pliable-index-coding problem with m
messages and a set of receivers U. For a fixed decoding
choice D for Pm,U, denote the problem by Pm,U,D . This means
any code for Pm,U,D is a pliable index code for Pm,U with the
restriction that DH (E(X[1:m]), XH ) = XD(H) for all H ∈ U, and
vice versa. With an abuse of notation, let the optimal broadcast
rate for Pm,U,D be βq(Pm,U,D). We can establish the following:
Lemma 1: βq(Pm,U) = minD βq(Pm,U,D).
Proof: Clearly, βq(Pm,U) ≤ βq(Pm,U,D) for all D because
any code for Pm,U,D is a code for Pm,U. Since the inequality
must be tight for at least one D, we have Lemma 1.
Pm,U,D is in fact an index-coding problem [2]–[4], with
a message set X[1:m] and a receiver set U, where each
receiver H ∈ U has XH and wants XD(H).
From Lemma 1, βq(Pm,U) can be obtained by evaluating
the optimal broadcast rates βq(Pm,U,D) of index-coding prob-
lems Pm,U,D for all D. However, the optimal broadcast rate
for index coding is not known in general, and the search space
over all possible D grows exponentially with m.
B. A lower bound based on acyclic subgraphs
Nonetheless, we will utilise Lemma 1 to formulate a lower
bound for pliable index coding using results for index coding.
More specifically,
βq(Pm,U) ≥ min
D
φq(Pm,U,D), (2)
where φq(Pm,U,D) is any lower bound on βq(Pm,U,D).
We now state a lower bound for index coding [2], expressed
through a directed-bipartite-graph representation of an index-
coding problem. Any index-coding problem can be specified by
a bipartite graph with these two disjoint, independent sets: the
message node set and the receiver node set. A directed edge
from receiver node r to message node m exists iff receiver r
has Xm as side information; a directed edge from message
node m to receiver node r exists iff receiver r wants Xm.
Now, we perform one or more of following pruning opera-
tions, as many times as desired: (a) remove a message node
and all its incoming and outgoing edges; (b) remove a receiver
node and all its incoming and outgoing edges; (c) remove a
message-to-receiver edge. After a series of pruning operations,
remove all message nodes with no outgoing edge. Let the
resultant bipartite graph be G′, and the number of message
nodes left by m(G′). If G′ is acyclic (in the directed sense),
then we have the following lower bound, which generalises the
maximum-acyclic-induced-subgraph (MAIS) lower bound [1].
Lemma 2: [2, Lem. 1] Consider an index-coding problem I
and its bipartite-graph representation G. After a series of
pruning operations, if the resultant graph G′ is acyclic, then
βq(I) ≥ m(G′).
A pliable-index-coding problem Pm,U with a decoding
choice D—that is, the index-coding problem Pm,U,D—can
be described by the following bipartite graph: (a) message
nodes i ∈ [1 : m]; (b) receiver nodes H ∈ U; (c) each receiver
node H has an outgoing edge to every message node i ∈ H
and an incoming edge from node D(H). Name this graph GD ,
and let G′D denote the resultant graph after a series of pruning
operations on GD .
Using Lemmas 1 and 2, we obtain the following lower bound
for pliable index coding:
Lemma 3: [Lower bound] Consider a pliable-index-coding
problem Pm,U, and a set of bipartite graphs {GD} formed by
all possible decoding choices D. Perform pruning operations
on each GD to obtain an acyclic G′D . Then,
βq(Pm,U) ≥ min
D
m(G′D). (3)
C. Constructing acyclic subgraphs using decoding chains with
skipped messages
To use Lemma 3, one needs to consider all D, perform
pruning operations on each GD to get an acyclic graph G′D ,
and count the remaining number of message nodes m(G′D).
We will instead use a decoding-chain argument to obtain the
required m(G′D). The concept of decoding chains was used to
prove the MAIS lower bound [1] and its extension [2, Lem. 1]
for index coding, and lower bounds for certain pliable-index-
coding problems [12, 13].
In this paper, we propose the a new approach to construct
decoding chains by introducing skipped messages, which is
implemented in the following randomised algorithm:
Algorithm 1: An algorithm to construct a decoding chain with
skipped messages
input :Pm,U,D
output : A decoding chain C (a totally ordered set with a total
order ≤C ) and a set of skipped messages S
C ← ∅; (initialise C)
S ← ∅; (initialise S)
while C , [1 : m] do
if C < U then (receiver C is absent)
Choose any a ∈ [1 : m] \ C; #
(a is called a skipped message)
C ← (C ∪ {a}, with i ≤C a, for all i ∈ C); (expand C)
S ← S ∪ {a}; (expand S)
else (receiver C is present)
C ← (C ∪ {D(C)}, with i ≤C D(C), for all i ∈ C);
(add the message that receiver C decodes)
We say that the algorithm “skips” a message a, whenever we
execute the step marked # for that message a. We will see later
that the number of skipped messages is an important parameter
characterising lower bounds. We say that the algorithm “hits”
a receiver H whenever C is updated as C ← H. If receiver H
is absent, we say that it hits an absent receiver H. Note that
receiver [1 : m] cannot exist, so when the algorithm ends,
[1 : m] is not considered an absent receiver being hit.
Remark 2: We highlight some properties of Algorithm 1:
1) For a fixed D, the only uncertainty in constructing a chain
is the choice of skipped messages. So, (C, S) is completely
determined by D and the choice of skipped messages.
2) If an absent receiver H is hit, then subsequently a
message a < H will be skipped, and vice versa. So, we
skip a message iff we hit an absent receiver.
3) The algorithm always commences by hitting receiver ∅
first.
For a fixed Pm,U,D , any choice of skipped messages results
in a pair of (C, S). Let C be the set of all (C, S) pairs, obtained
by varying different skipped messages. We have the following:
Lemma 4: For each (C, S) ∈ C derived from a given Pm,U,D
(or equivalently, GD), there exists a series of pruning operations
on GD yielding an acyclic G′D with m(G′D) = |C \S | = m− |S |.
Proof: Remove from GD all present receivers not being hit
in the algorithm, and their connected edges. Let the elements of
C in the order of construction of C be c1, c2, . . . , ci, . . . , c |C | ,
that is, ci ≤C cj iff i ≤ j, where underlined elements are
present in S as well. By construction, if ci is underlined, then
receiver {c1, . . . , ci−1} is absent. So, for each ci in C that is not
underlined, receiver {c1, . . . , ci−1} is present and has been hit in
the algorithm, and therefore remains. This includes receiver ∅
if c1 is not underlined. So, |C \ S | receivers remain. Next,
remove all messages in S (and their associated edges) so that
only messages in C \ S remain.
After these pruning operations, the graph G′D consists of
the following edges for each remaining receiver node H:
(a) outgoing edges from H to all message nodes i ∈ H \ S,
(b) incoming edge from message node D(H) to H. Also, by
construction, for each remaining receiver node H, i ≤C D(H)
for all i ∈ H.
For a ≤C b, we say that b is larger than a in C, and a
is smaller than b in C. In G′D , all edges flow from message
nodes that are larger in C to message nodes that are smaller in
C, through receiver nodes. Hence, G′D is acyclic. Also, since
each message node that remains is requested by a receiver
that remains, no message node is removed after the pruning
operations. So, G′D contains |C \ S | message nodes. As C
contains all the messages [1 : m], we have |C \ S | = m − |S |.
D. A lower bound via decoding chains with skipped messages
We can express the lower bound in Lemma 4 as follows:
Lemma 5: [Lower bound] Consider a pliable-index-coding
problem Pm,U and its bipartite-graph representation G.
βq(Pm,U) ≥ m −max
D
min
(C,S)∈C
|S |. (4)
Proof: From Lemmas 3 and 4, we know that βq(Pm,U) ≥
minD(m − |S |), for any (C, S) ∈ C for each decoding choice D.
By optimising (C, S) ∈ C for each D, we get Lemma 5.
Remark 3: Although the lower bound (4) involves minimis-
ing over all (C, S) ∈ C, it is clear that any choice of (C, S)
for each D will also give us a lower bound. Having said that,
maximising over all D is compulsory.
E. A lower bound based on nested chains of absent receivers
Denote the set of absent receivers by Uabs := 2[1:m] \ ({[1 :
m]} ∪ U).
Lemma 6: If an instance of Algorithm 1 skips L ∈ Z+
messages, then there exists a nested chain of absent receivers
of length L, that is, H1 ( H2 ( · · · ( HL , with each Hi ∈ Uabs.
Proof: A decoding chain C is constructed by adding
messages one by one. So, any receiver that is hit must contain
all previously hit receivers. From Remark 2, we know that if
the algorithm skips L messages, it must hit L absent receivers,
and these absent receivers must form a nested chain.
We will now prove another lower bound that is easier to use
compared to Lemma 5 in some scenarios (for example, case 2
in Theorem 3 and Theorem 4).
Lemma 7: [Lower bound] Consider a pliable-index-coding
problem Pm,U and its bipartite-graph representation G. Let
L ∈ Z+ be the maximum length of any nested chain constructed
from receivers absent in Pm,U. We have that βq(Pm,U) ≥ m−L.
Proof: L must be the largest number of skipped messages
evaluated over all decoding choices D and skipped-message
sets. Otherwise, from Lemma 6, we have a nested chain of
absent receivers of length L+1, which is a contradiction. Thus,
m− L = m−max
D
max
(C,S)∈C
|S | ≤ m−max
D
min
(C,S)∈C
|S | (4)≤ βq(Pm,U).
III. CRITICALITY AND MONOTONICITY
Before we characterise the optimal broadcast rate of certain
classes of pliable-index-coding problems, we introduce the
notion of critical receivers for pliable index coding.
In index coding, it is well-known that removing any message
from the side information of any receiver cannot decrease the
optimal broadcast rate β. Hence, the side-information sets of
all receivers are said to be critical if removing any messages
therein results in a strictly larger β.
However, in pliable index coding, removing messages from
side-information sets may increase or decrease β. We will
establish this in Corollary 1 later. Hence, criticality should not
be defined for the messages in side-information sets. However,
we can define criticality of pliable index coding with respect to
the receivers. By noting that any pliable index code for Pm,U
is also a pliable index code for Pm,U− , we have the following:
Lemma 8: Let U− ⊆ U. Then, βq(Pm,U− ) ≤ βq(Pm,U).
In light of this, we define the following.
Definition 1: For pliable-index-coding Pm,U, the set of
receivers U is said to be critical iff adding any receiver to U
strictly increases βq .
So, for pliable index coding, critical receivers can be seen as
a maximal receiver set that a broadcast rate can support. This
is different from index coding, where critical side information
can be seen as the minimal side information that is required
to maintain a broadcast rate.
IV. RESULTS ON OPTIMAL BROADCAST RATES
We now derive βq for a few classes of pliable-index-coding
problems. For lower bounds, we use Lemma 5 and Lemma 7 for
different settings. For achievability, we will engage cyclic codes
defined as follows. A cyclic code for messages {X1, X2, . . . , XL}
is (X1 + X2, X2 + X3, . . . , XL−1 + XL) ∈ FL−1q . For notational
convenience, we let the cyclic code for a single message Xi
be nil (that is, sending nothing).
Theorem 1: Let Pm,U be such that |Uabs | , 0 and⋃
H ∈Uabs
H , [1 : m]. (5)
Then βq(Pm,U) = m − 1.
Proof: If receiver ∅ ∈ U, we remove it to get another
pliable-index-coding problem P− = Pm,U\{∅}. Using Lemma 8,
βq(P−) ≤ βq(Pm,U).
We run Algorithm 1 on P−. Since receiver ∅ is missing, we
start by skipping some message a ∈ [1 : m]. We choose any
a ∈ [1 : m]\⋃H ∈Uabs H, which is possible due to (5). After this
step, for any decoding choice D, Algorithm 1 must terminate
without skipping any more messages (meaning that it will not
hit any absent receiver). This is because a (which is included
in C in the first step) is not in the side-information set of any
absent receiver. So, Algorithm 1 terminates with S = {a}.
Invoking Lemma 5, we have βq(P−) ≥ m − 1. Note that
we need not minimise the algorithm over all (C, S) here; see
Remark 3. This completes the lower bound.
For achievability, pick any H ∈ Uabs. We send XH uncoded,
and X[1:m]\H using a cyclic code. This gives a codelength of
m − 1. Note that any receiver that does not have all messages
in H as side information will be able to decode a new message.
Also, any receiver that has all messages in H must also have
at least one (but not all) messages in [1 : m] \ H—because
receiver H is absent—and hence it can decode a new message
from the cyclic code.
It has been shown [12] that if all receivers are present, then
βq = m. We now strengthen the result to if and only if.
Theorem 2: βq(Pm,U) = m iff U = 2[1:m] \ {[1 : m]}.
Proof: We only need to prove the “only if” part. Equiva-
lently, we show that if U , 2[1:m] \ {[1 : m]}, then βq(Pm,U) ,
m. We start by observing that if U , 2[1:m] \ {[1 : m]}, then
at least one receiver must be absent. By letting the absent
receiver be H, we have U ⊆ 2[1:m] \ {[1 : m],H} := U+. As
H , [1 : m], we have βq(Pm,U) ≤ βq(Pm,U+ ) = m − 1, where
the inequality follows from Lemma 8 and the equality from
Theorem 1
We now present our results to absent receivers Uabs in some
cases where
⋃
H ∈Uabs H = [1 : m].
Theorem 3: Consider a pliable-index-coding problem Pm,U.
If any of the following is true, then βq(Pm,U) = m − 1.
1) (no nested absent pair) J * K , for all distinct J,K ∈ Uabs.
2) (one nested absent pair) J ( K , for exactly one pair of
J,K ∈ Uabs.
Proof: Theorem 1 covers the case
⋃
H ∈Uabs H , [1 : m].
So, in the proof, we consider only
⋃
H ∈Uabs H = [1 : m].
For achievability, we use the coding scheme for Theorem 1,
that is, we choose any H ∈ Uabs, and then send XH uncoded,
and X[1:m]\H using a cyclic code. This gives a code of length
m − 1. Note that this code works for the case where only
receiver H is missing, will therefore works for the case where
H and more receivers are missing.
For lower bounds, we start with case 1. Since no pair of
absent receivers are nested, using Lemma 7, we obtain the
required lower bound m − 1.
For case 2, as there is a pair of nested absent receivers,
Lemma 7 gives a loose lower bound of m − 2. Suppose that
receiver ∅ is absent, then J = ∅, and only one another receiver
K can be absent, since the presence of any other absent receiver
will yield at least two pairs of nested absent receivers. In this
setting then,
⋃
H ∈Uabs H = ∅ ∪ K , [1 : m], and by Theorem 1,
we see that βq(Pm,U) = m − 1.
Now, suppose that case 2 holds and ∅ is present. With ∅ ∈ U,
we know that Algorithm 1 can start without skipping the first
message to be included in C. We split the decoding choices into
three sub-cases, and skip specific messages to avoid |S | = 2.
Sub-case 1: D such that the decoding chain does not hit any
absent receiver. For this case, |S | = 0.
Sub-case 2: D such that the decoding chain first hits any absent
receiver H , J. Then, we arbitrarily skip one message, and
will not hit another absent receiver, since every receiver that
has H as a subset is present. This gives |S | = 1.
Sub-case 3: D such that the decoding chain first hits J. Then,
we skip a message a ∈ [1 : m] \ K . We will not hit another
absent receiver, as every receiver that has J ∪ {a} as a subset
is present. This results in |S | = 1.
Maximising |S | over all D, we get the lower bound m − 1
For the next result, we need first define a class of pliable-
index-coding problems.
Definition 2: A pliable-index-coding problem is said to have
perfectly L-nested absent receivers iff the messages [1 : m]
can be partitioned into L + 1 ∈ [2 : m] subsets P0, P1, . . . , PL
(that is,
⋃L
i=0 Pi = [1 : m] and Pi ∩ Pj = ∅ for all i , j), such
that only P0 can be an empty set, and there are exactly 2L − 1
absent receivers, which are
P0 ∪
( ⋃
i∈Q
Pi
)
, for each Q ( [1 : L]. (6)
Figure 1 depicts an example of perfectly 3-nested absent
receivers.
Theorem 4: For any pliable-index-coding problem Pm,U
with perfectly L-nested absent receivers, βq(Pm,U) = m − L.
Proof: For achievability we send XP0 uncoded and XPi
for each i ∈ [1 : L] using a cyclic code. One can verify that
decodability of each present receiver can be satisfied.
Since the maximum length of any nested chain of absent
receivers is L, Lemma 7 gives βq(Pm,U) ≥ m − L.
Lemma 9: If Uabs is set of perfectly L-nested absent
receivers, then U is critical.
Proof: Start with Pm,U with perfectly L-nested absent
receivers. Imposed by the structure of U, the maximum length
of any nested chain of absent receivers is L, and they each
must be in the following form:
P0 ( P0∪Pi1 ( P0∪Pi1 ∪Pi2 ( · · · ( P0∪
(
L−1⋃
j=1
Pi j
)
, (7)
for some distinct i1, . . . , iL−1 ∈ [1 : L].
We need to show that if we augment U with any absent
receiver H = P0 ∪ (⋃i∈Q Pi) for some Q ( [1 : L], then
βq(Pm,U+ ) ≥ m − L + 1, where U+ = U ∪ {H} is the set of
receivers after augmenting H.
Clearly, if H = P0, then receiver P0 is no longer absent, and
(7) is not possible. So, the maximum length of any nested chain
constructed from receivers absent in Pm,U+ is L − 1. Using
Lemma 7, we have βq(Pm,U+ ) ≥ m − L + 1.
Otherwise, without loss of generality, let H = P0 ∪
(⋃1≤ j≤Q Pj) for Q ∈ [1 : L − 1]. We will use Lemma 5
to show that for any decoding choice D, we can construct a
series of skipped messages S such that |S | ≤ L − 1.
Since in any attempt to skip L messages, chain (7) is
necessary, we only need to consider all decoding choices for
which the first absent receiver being hit is P0. After this, we
choose to skip any message in P1. Again, in the attempt to
skip L messages, the decoding choice must be made such that
the next absent receiver being hit is P0 ∪ P1. Repeating this, in
iteration i ∈ [1 : Q−1], after hitting each P0∪(⋃1≤ j≤i Pj), we
choose to skip any message in Pi+1. The next absent receiver
being hit must then be P0 ∪ (⋃1≤ j≤i+1 Pj), except when we
reach i + 1 = Q, where the absent receiver P0 ∪ (⋃1≤ j≤Q Pj)
has been included in U+. In this case, either (a) the next
absent receiver being hit is P0 ∪ (⋃1≤ j≤Q Pj) ∪ Pk for some
k ∈ [Q + 1 : L] if Q ≤ L − 2, or (b) the decoding chain
} <latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit> } <latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit> } <latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit>} <latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit><latexit sha1_base64="HjkKv/y2t4EgRe/zO0TOp5AjgKo=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbsiaBm0sYxiHpAsYXZyNxkyj2Vm1hBC/sBWOzux9Xts/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwYVSqKdSp4kq3ImKAMwl1yyyHVqKBiIhDMxreZvPmE2jDlHy04wRCQfqSxYwS66SHzrRbKvsVfwa8TIKclFGOWrf03ekpmgqQlnJiTDvwExtOiLaMcpgWO6mBhNAh6UPbUUkEmHAyu3SKT53Sw7HS7kmLZ+rvxIQIY8Yick5B7MAszjLxPIuSERgl4D9fO7XxdThhMkktSDpfGqccW4WzCnCPaaCWjx0hVDN3N6YDogm1rqiiKyRY/P4yaVxUAr8S3F+Wqzd5NQV0jE7QGQrQFaqiO1RDdURRjJ7RC3r1Rt6b9+59zK0rXp45Qn/gff4AIqeSgw==</latexit>
H1 = P0
<latexit sha1_base64="xRQHTyzvnnNefbkUZA71S3lD1ek=">AAAB+nicdVDLSg MxFM3UV62vqks3wSK4kCEzTLVdCAU3XVawD2hLyaR32tDMgySjlNqPcKs7d+LWn3Hjt5g+BBU9EDicew735viJ4EoT8m5lVlbX1jeym7mt7Z3dvfz+QUPFqWRQZ7GIZcun CgSPoK65FtBKJNDQF9D0R1ezefMWpOJxdKPHCXRDOoh4wBnVRmpWe85lrUd6+QKxiVsqei4mtlskZadsSJE45XMPOzaZo4CWqPXyH51+zNIQIs0EVartkER3J1RqzgRMc5 1UQULZiA6gbWhEQ1DdyfzcKT4xSh8HsTQv0niufk9MaKjUOPSNM6R6qH7PZuLZLErvQMUh/OVrpzoodSc8SlINEVssDVKBdYxnPeA+l8C0GBtCmeTmbsyGVFKmTVs5U8jXr /H/pOHaDrGda69Q8ZbVZNEROkanyEEXqIKqqIbqiKERekCP6Mm6t56tF+t1Yc1Yy8wh+gHr7RMClJQK</latexit><latexit sha1_base64="xRQHTyzvnnNefbkUZA71S3lD1ek=">AAAB+nicdVDLSg MxFM3UV62vqks3wSK4kCEzTLVdCAU3XVawD2hLyaR32tDMgySjlNqPcKs7d+LWn3Hjt5g+BBU9EDicew735viJ4EoT8m5lVlbX1jeym7mt7Z3dvfz+QUPFqWRQZ7GIZcun CgSPoK65FtBKJNDQF9D0R1ezefMWpOJxdKPHCXRDOoh4wBnVRmpWe85lrUd6+QKxiVsqei4mtlskZadsSJE45XMPOzaZo4CWqPXyH51+zNIQIs0EVartkER3J1RqzgRMc5 1UQULZiA6gbWhEQ1DdyfzcKT4xSh8HsTQv0niufk9MaKjUOPSNM6R6qH7PZuLZLErvQMUh/OVrpzoodSc8SlINEVssDVKBdYxnPeA+l8C0GBtCmeTmbsyGVFKmTVs5U8jXr /H/pOHaDrGda69Q8ZbVZNEROkanyEEXqIKqqIbqiKERekCP6Mm6t56tF+t1Yc1Yy8wh+gHr7RMClJQK</latexit><latexit sha1_base64="xRQHTyzvnnNefbkUZA71S3lD1ek=">AAAB+nicdVDLSg MxFM3UV62vqks3wSK4kCEzTLVdCAU3XVawD2hLyaR32tDMgySjlNqPcKs7d+LWn3Hjt5g+BBU9EDicew735viJ4EoT8m5lVlbX1jeym7mt7Z3dvfz+QUPFqWRQZ7GIZcun CgSPoK65FtBKJNDQF9D0R1ezefMWpOJxdKPHCXRDOoh4wBnVRmpWe85lrUd6+QKxiVsqei4mtlskZadsSJE45XMPOzaZo4CWqPXyH51+zNIQIs0EVartkER3J1RqzgRMc5 1UQULZiA6gbWhEQ1DdyfzcKT4xSh8HsTQv0niufk9MaKjUOPSNM6R6qH7PZuLZLErvQMUh/OVrpzoodSc8SlINEVssDVKBdYxnPeA+l8C0GBtCmeTmbsyGVFKmTVs5U8jXr /H/pOHaDrGda69Q8ZbVZNEROkanyEEXqIKqqIbqiKERekCP6Mm6t56tF+t1Yc1Yy8wh+gHr7RMClJQK</latexit><latexit sha1_base64="xRQHTyzvnnNefbkUZA71S3lD1ek=">AAAB+nicdVDLSg MxFM3UV62vqks3wSK4kCEzTLVdCAU3XVawD2hLyaR32tDMgySjlNqPcKs7d+LWn3Hjt5g+BBU9EDicew735viJ4EoT8m5lVlbX1jeym7mt7Z3dvfz+QUPFqWRQZ7GIZcun CgSPoK65FtBKJNDQF9D0R1ezefMWpOJxdKPHCXRDOoh4wBnVRmpWe85lrUd6+QKxiVsqei4mtlskZadsSJE45XMPOzaZo4CWqPXyH51+zNIQIs0EVartkER3J1RqzgRMc5 1UQULZiA6gbWhEQ1DdyfzcKT4xSh8HsTQv0niufk9MaKjUOPSNM6R6qH7PZuLZLErvQMUh/OVrpzoodSc8SlINEVssDVKBdYxnPeA+l8C0GBtCmeTmbsyGVFKmTVs5U8jXr /H/pOHaDrGda69Q8ZbVZNEROkanyEEXqIKqqIbqiKERekCP6Mm6t56tF+t1Yc1Yy8wh+gHr7RMClJQK</latexit>
H2 = P0 [ P1
<latexit sha1_base64="wSr4hlDf0T8cbQbXH46UtHrVCNg=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCylJKehGKLjpMoJ9QBvCZHrTDp08mJkoJXTrT7jVnTtx63+48VuctFlo64GBw7nncO8cP+FMKsv6Mkobm1vbO+Xdyt7+wWHVPDruyjgVFDo05rHo +0QCZxF0FFMc+okAEvocev70Np/3HkBIFkf3apaAG5JxxAJGidKSZ1bbXuPG8awhTRPseLZn1qy6tQBeJ3ZBaqiA45nfw1FM0xAiRTmRcmBbiXIzIhSjHOaVYSohIXRKxj DQNCIhSDdbHD7H51oZ4SAW+kUKL9TfiYyEUs5CXztDoiZydZaLl3mUPIKMQ/jPN0hVcO1mLEpSBRFdLg1SjlWM80bwiAmgis80IVQwfTemEyIIVbq3ii7EXv3+Ouk26rZVt ++atVazqKaMTtEZukA2ukIt1EYO6iCKUvSMXtCr8WS8Ge/Gx9JaMorMCfoD4/MHdIuW6A==</latexit><latexit sha1_base64="wSr4hlDf0T8cbQbXH46UtHrVCNg=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCylJKehGKLjpMoJ9QBvCZHrTDp08mJkoJXTrT7jVnTtx63+48VuctFlo64GBw7nncO8cP+FMKsv6Mkobm1vbO+Xdyt7+wWHVPDruyjgVFDo05rHo +0QCZxF0FFMc+okAEvocev70Np/3HkBIFkf3apaAG5JxxAJGidKSZ1bbXuPG8awhTRPseLZn1qy6tQBeJ3ZBaqiA45nfw1FM0xAiRTmRcmBbiXIzIhSjHOaVYSohIXRKxj DQNCIhSDdbHD7H51oZ4SAW+kUKL9TfiYyEUs5CXztDoiZydZaLl3mUPIKMQ/jPN0hVcO1mLEpSBRFdLg1SjlWM80bwiAmgis80IVQwfTemEyIIVbq3ii7EXv3+Ouk26rZVt ++atVazqKaMTtEZukA2ukIt1EYO6iCKUvSMXtCr8WS8Ge/Gx9JaMorMCfoD4/MHdIuW6A==</latexit><latexit sha1_base64="wSr4hlDf0T8cbQbXH46UtHrVCNg=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCylJKehGKLjpMoJ9QBvCZHrTDp08mJkoJXTrT7jVnTtx63+48VuctFlo64GBw7nncO8cP+FMKsv6Mkobm1vbO+Xdyt7+wWHVPDruyjgVFDo05rHo +0QCZxF0FFMc+okAEvocev70Np/3HkBIFkf3apaAG5JxxAJGidKSZ1bbXuPG8awhTRPseLZn1qy6tQBeJ3ZBaqiA45nfw1FM0xAiRTmRcmBbiXIzIhSjHOaVYSohIXRKxj DQNCIhSDdbHD7H51oZ4SAW+kUKL9TfiYyEUs5CXztDoiZydZaLl3mUPIKMQ/jPN0hVcO1mLEpSBRFdLg1SjlWM80bwiAmgis80IVQwfTemEyIIVbq3ii7EXv3+Ouk26rZVt ++atVazqKaMTtEZukA2ukIt1EYO6iCKUvSMXtCr8WS8Ge/Gx9JaMorMCfoD4/MHdIuW6A==</latexit><latexit sha1_base64="wSr4hlDf0T8cbQbXH46UtHrVCNg=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCylJKehGKLjpMoJ9QBvCZHrTDp08mJkoJXTrT7jVnTtx63+48VuctFlo64GBw7nncO8cP+FMKsv6Mkobm1vbO+Xdyt7+wWHVPDruyjgVFDo05rHo +0QCZxF0FFMc+okAEvocev70Np/3HkBIFkf3apaAG5JxxAJGidKSZ1bbXuPG8awhTRPseLZn1qy6tQBeJ3ZBaqiA45nfw1FM0xAiRTmRcmBbiXIzIhSjHOaVYSohIXRKxj DQNCIhSDdbHD7H51oZ4SAW+kUKL9TfiYyEUs5CXztDoiZydZaLl3mUPIKMQ/jPN0hVcO1mLEpSBRFdLg1SjlWM80bwiAmgis80IVQwfTemEyIIVbq3ii7EXv3+Ouk26rZVt ++atVazqKaMTtEZukA2ukIt1EYO6iCKUvSMXtCr8WS8Ge/Gx9JaMorMCfoD4/MHdIuW6A==</latexit>
H3 = P0 [ P2
<latexit sha1_base64="xxlexSviaXsAkurZBL9iACuIMPg=">AAACBHicdVDLSg MxFM3UV62PVl26CRbBhQyZsdV2IRTcdFnBPqAtQya9bUMzD5KMUkq3/oRb3bkTt/6HG7/F9CGo6IHA4dxzuDfHjwVXmpB3K7Wyura+kd7MbG3v7GZze/sNFSWSQZ1FIpIt nyoQPIS65lpAK5ZAA19A0x9dzebNW5CKR+GNHsfQDegg5H3OqDaSl8tWvbPLmkc6LIlxzXO9XJ7YxC0VCy4mtlskZadsSJE45fMCdmwyRx4tUfNyH51exJIAQs0EVartkF h3J1RqzgRMM51EQUzZiA6gbWhIA1DdyfzwKT42Sg/3I2leqPFc/Z6Y0ECpceAbZ0D1UP2ezcTTWZTegYoC+MvXTnS/1J3wME40hGyxtJ8IrCM8awT3uASmxdgQyiQ3d2M2p JIybXrLmEK+fo3/Jw3XdojtXBfylcKymjQ6REfoBDnoAlVQFdVQHTGUoAf0iJ6se+vZerFeF9aUtcwcoB+w3j4B4waXMg==</latexit><latexit sha1_base64="xxlexSviaXsAkurZBL9iACuIMPg=">AAACBHicdVDLSg MxFM3UV62PVl26CRbBhQyZsdV2IRTcdFnBPqAtQya9bUMzD5KMUkq3/oRb3bkTt/6HG7/F9CGo6IHA4dxzuDfHjwVXmpB3K7Wyura+kd7MbG3v7GZze/sNFSWSQZ1FIpIt nyoQPIS65lpAK5ZAA19A0x9dzebNW5CKR+GNHsfQDegg5H3OqDaSl8tWvbPLmkc6LIlxzXO9XJ7YxC0VCy4mtlskZadsSJE45fMCdmwyRx4tUfNyH51exJIAQs0EVartkF h3J1RqzgRMM51EQUzZiA6gbWhIA1DdyfzwKT42Sg/3I2leqPFc/Z6Y0ECpceAbZ0D1UP2ezcTTWZTegYoC+MvXTnS/1J3wME40hGyxtJ8IrCM8awT3uASmxdgQyiQ3d2M2p JIybXrLmEK+fo3/Jw3XdojtXBfylcKymjQ6REfoBDnoAlVQFdVQHTGUoAf0iJ6se+vZerFeF9aUtcwcoB+w3j4B4waXMg==</latexit><latexit sha1_base64="xxlexSviaXsAkurZBL9iACuIMPg=">AAACBHicdVDLSg MxFM3UV62PVl26CRbBhQyZsdV2IRTcdFnBPqAtQya9bUMzD5KMUkq3/oRb3bkTt/6HG7/F9CGo6IHA4dxzuDfHjwVXmpB3K7Wyura+kd7MbG3v7GZze/sNFSWSQZ1FIpIt nyoQPIS65lpAK5ZAA19A0x9dzebNW5CKR+GNHsfQDegg5H3OqDaSl8tWvbPLmkc6LIlxzXO9XJ7YxC0VCy4mtlskZadsSJE45fMCdmwyRx4tUfNyH51exJIAQs0EVartkF h3J1RqzgRMM51EQUzZiA6gbWhIA1DdyfzwKT42Sg/3I2leqPFc/Z6Y0ECpceAbZ0D1UP2ezcTTWZTegYoC+MvXTnS/1J3wME40hGyxtJ8IrCM8awT3uASmxdgQyiQ3d2M2p JIybXrLmEK+fo3/Jw3XdojtXBfylcKymjQ6REfoBDnoAlVQFdVQHTGUoAf0iJ6se+vZerFeF9aUtcwcoB+w3j4B4waXMg==</latexit><latexit sha1_base64="xxlexSviaXsAkurZBL9iACuIMPg=">AAACBHicdVDLSg MxFM3UV62PVl26CRbBhQyZsdV2IRTcdFnBPqAtQya9bUMzD5KMUkq3/oRb3bkTt/6HG7/F9CGo6IHA4dxzuDfHjwVXmpB3K7Wyura+kd7MbG3v7GZze/sNFSWSQZ1FIpIt nyoQPIS65lpAK5ZAA19A0x9dzebNW5CKR+GNHsfQDegg5H3OqDaSl8tWvbPLmkc6LIlxzXO9XJ7YxC0VCy4mtlskZadsSJE45fMCdmwyRx4tUfNyH51exJIAQs0EVartkF h3J1RqzgRMM51EQUzZiA6gbWhIA1DdyfzwKT42Sg/3I2leqPFc/Z6Y0ECpceAbZ0D1UP2ezcTTWZTegYoC+MvXTnS/1J3wME40hGyxtJ8IrCM8awT3uASmxdgQyiQ3d2M2p JIybXrLmEK+fo3/Jw3XdojtXBfylcKymjQ6REfoBDnoAlVQFdVQHTGUoAf0iJ6se+vZerFeF9aUtcwcoB+w3j4B4waXMg==</latexit>
H4 = P0 [ P3
<latexit sha1_base64="owUJmvUEfANgeT89oZ3mSXLvXvI=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCymJFnQjFNx0GcE+oA1hMr1ph04ezEyUErr1J9zqzp249T/c+C1O2iy09cDA4dxzuHeOn3AmlWV9GaW19Y3NrfJ2ZWd3b79qHhx2ZJwKCm0a81j0 fCKBswjaiikOvUQACX0OXX9ym8+7DyAki6N7NU3ADckoYgGjRGnJM6str3HjeNaApgl2vEvPrFl1aw68SuyC1FABxzO/B8OYpiFEinIiZd+2EuVmRChGOcwqg1RCQuiEjK CvaURCkG42P3yGT7UyxEEs9IsUnqu/ExkJpZyGvnaGRI3l8iwXz/MoeQQZh/Cfr5+q4NrNWJSkCiK6WBqkHKsY543gIRNAFZ9qQqhg+m5Mx0QQqnRvFV2Ivfz9VdK5qNtW3 b5r1JqNopoyOkYn6AzZ6Ao1UQs5qI0oStEzekGvxpPxZrwbHwtrySgyR+gPjM8feuOW7A==</latexit><latexit sha1_base64="owUJmvUEfANgeT89oZ3mSXLvXvI=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCymJFnQjFNx0GcE+oA1hMr1ph04ezEyUErr1J9zqzp249T/c+C1O2iy09cDA4dxzuHeOn3AmlWV9GaW19Y3NrfJ2ZWd3b79qHhx2ZJwKCm0a81j0 fCKBswjaiikOvUQACX0OXX9ym8+7DyAki6N7NU3ADckoYgGjRGnJM6str3HjeNaApgl2vEvPrFl1aw68SuyC1FABxzO/B8OYpiFEinIiZd+2EuVmRChGOcwqg1RCQuiEjK CvaURCkG42P3yGT7UyxEEs9IsUnqu/ExkJpZyGvnaGRI3l8iwXz/MoeQQZh/Cfr5+q4NrNWJSkCiK6WBqkHKsY543gIRNAFZ9qQqhg+m5Mx0QQqnRvFV2Ivfz9VdK5qNtW3 b5r1JqNopoyOkYn6AzZ6Ao1UQs5qI0oStEzekGvxpPxZrwbHwtrySgyR+gPjM8feuOW7A==</latexit><latexit sha1_base64="owUJmvUEfANgeT89oZ3mSXLvXvI=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCymJFnQjFNx0GcE+oA1hMr1ph04ezEyUErr1J9zqzp249T/c+C1O2iy09cDA4dxzuHeOn3AmlWV9GaW19Y3NrfJ2ZWd3b79qHhx2ZJwKCm0a81j0 fCKBswjaiikOvUQACX0OXX9ym8+7DyAki6N7NU3ADckoYgGjRGnJM6str3HjeNaApgl2vEvPrFl1aw68SuyC1FABxzO/B8OYpiFEinIiZd+2EuVmRChGOcwqg1RCQuiEjK CvaURCkG42P3yGT7UyxEEs9IsUnqu/ExkJpZyGvnaGRI3l8iwXz/MoeQQZh/Cfr5+q4NrNWJSkCiK6WBqkHKsY543gIRNAFZ9qQqhg+m5Mx0QQqnRvFV2Ivfz9VdK5qNtW3 b5r1JqNopoyOkYn6AzZ6Ao1UQs5qI0oStEzekGvxpPxZrwbHwtrySgyR+gPjM8feuOW7A==</latexit><latexit sha1_base64="owUJmvUEfANgeT89oZ3mSXLvXvI=">AAACBHicbVDLSs NAFJ3UV62PRl26GSyCCymJFnQjFNx0GcE+oA1hMr1ph04ezEyUErr1J9zqzp249T/c+C1O2iy09cDA4dxzuHeOn3AmlWV9GaW19Y3NrfJ2ZWd3b79qHhx2ZJwKCm0a81j0 fCKBswjaiikOvUQACX0OXX9ym8+7DyAki6N7NU3ADckoYgGjRGnJM6str3HjeNaApgl2vEvPrFl1aw68SuyC1FABxzO/B8OYpiFEinIiZd+2EuVmRChGOcwqg1RCQuiEjK CvaURCkG42P3yGT7UyxEEs9IsUnqu/ExkJpZyGvnaGRI3l8iwXz/MoeQQZh/Cfr5+q4NrNWJSkCiK6WBqkHKsY543gIRNAFZ9qQqhg+m5Mx0QQqnRvFV2Ivfz9VdK5qNtW3 b5r1JqNopoyOkYn6AzZ6Ao1UQs5qI0oStEzekGvxpPxZrwbHwtrySgyR+gPjM8feuOW7A==</latexit>
H5 = P0 [ P1 [ P2
<latexit sha1_base64="jUWrZVDb/EHkC5YHlkLL8c/5NHg=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIDFNtF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5J0gEV5qQd2tpeWV1bT2zkd3c2t7Zze3t11WcSgY1FotY NgOqQPAIapprAc1EAg0DAY1geDWdN25BKh5HN3qUQCek/Yj3OKPaSH7usOIXLqs+abM0wVXfWdyun8sTm7jFgudiYrsFUnJKhhSIUzr3sGOTGfJogaqf+2h3Y5aGEGkmqF IthyS6M6ZScyZgkm2nChLKhrQPLUMjGoLqjGcLTPCJUbq4F0tzIo1n6vfEmIZKjcLAOEOqB+r3bCqeTaP0DlQcwl++Vqp7xc6YR0mqIWLzR3upwDrG02Zwl0tgWowMoUxy8 2/MBlRSpk1/WVPI19b4f1J3bYfYzrWXL3uLajLoCB2jU+SgC1RGFVRFNcTQBD2gR/Rk3VvP1ov1OrcuWYvMAfoB6+0TX4aaKA==</latexit><latexit sha1_base64="jUWrZVDb/EHkC5YHlkLL8c/5NHg=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIDFNtF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5J0gEV5qQd2tpeWV1bT2zkd3c2t7Zze3t11WcSgY1FotY NgOqQPAIapprAc1EAg0DAY1geDWdN25BKh5HN3qUQCek/Yj3OKPaSH7usOIXLqs+abM0wVXfWdyun8sTm7jFgudiYrsFUnJKhhSIUzr3sGOTGfJogaqf+2h3Y5aGEGkmqF IthyS6M6ZScyZgkm2nChLKhrQPLUMjGoLqjGcLTPCJUbq4F0tzIo1n6vfEmIZKjcLAOEOqB+r3bCqeTaP0DlQcwl++Vqp7xc6YR0mqIWLzR3upwDrG02Zwl0tgWowMoUxy8 2/MBlRSpk1/WVPI19b4f1J3bYfYzrWXL3uLajLoCB2jU+SgC1RGFVRFNcTQBD2gR/Rk3VvP1ov1OrcuWYvMAfoB6+0TX4aaKA==</latexit><latexit sha1_base64="jUWrZVDb/EHkC5YHlkLL8c/5NHg=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIDFNtF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5J0gEV5qQd2tpeWV1bT2zkd3c2t7Zze3t11WcSgY1FotY NgOqQPAIapprAc1EAg0DAY1geDWdN25BKh5HN3qUQCek/Yj3OKPaSH7usOIXLqs+abM0wVXfWdyun8sTm7jFgudiYrsFUnJKhhSIUzr3sGOTGfJogaqf+2h3Y5aGEGkmqF IthyS6M6ZScyZgkm2nChLKhrQPLUMjGoLqjGcLTPCJUbq4F0tzIo1n6vfEmIZKjcLAOEOqB+r3bCqeTaP0DlQcwl++Vqp7xc6YR0mqIWLzR3upwDrG02Zwl0tgWowMoUxy8 2/MBlRSpk1/WVPI19b4f1J3bYfYzrWXL3uLajLoCB2jU+SgC1RGFVRFNcTQBD2gR/Rk3VvP1ov1OrcuWYvMAfoB6+0TX4aaKA==</latexit><latexit sha1_base64="jUWrZVDb/EHkC5YHlkLL8c/5NHg=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIDFNtF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5J0gEV5qQd2tpeWV1bT2zkd3c2t7Zze3t11WcSgY1FotY NgOqQPAIapprAc1EAg0DAY1geDWdN25BKh5HN3qUQCek/Yj3OKPaSH7usOIXLqs+abM0wVXfWdyun8sTm7jFgudiYrsFUnJKhhSIUzr3sGOTGfJogaqf+2h3Y5aGEGkmqF IthyS6M6ZScyZgkm2nChLKhrQPLUMjGoLqjGcLTPCJUbq4F0tzIo1n6vfEmIZKjcLAOEOqB+r3bCqeTaP0DlQcwl++Vqp7xc6YR0mqIWLzR3upwDrG02Zwl0tgWowMoUxy8 2/MBlRSpk1/WVPI19b4f1J3bYfYzrWXL3uLajLoCB2jU+SgC1RGFVRFNcTQBD2gR/Rk3VvP1ov1OrcuWYvMAfoB6+0TX4aaKA==</latexit>
H6 = P0 [ P1 [ P3
<latexit sha1_base64="y2I/je3ALLOXr235Udm/h0sC744=">AAACDHicbVDLSg MxFM34rPU16sKFm2ARXEiZ0aJuhIKbLkewD2iHIZPeaUMzD5KMUob+gj/hVnfuxK3/4MZvMdPOQlsPhBzOPYfkHj/hTCrL+jKWlldW19ZLG+XNre2dXXNvvyXjVFBo0pjH ouMTCZxF0FRMcegkAkjoc2j7o9t83n4AIVkc3atxAm5IBhELGCVKS5552PAubxzP6tE0wY5nF/eFZ1asqjUFXiR2QSqogOOZ371+TNMQIkU5kbJrW4lyMyIUoxwm5V4qIS F0RAbQ1TQiIUg3my4wwSda6eMgFvpECk/V34mMhFKOQ187Q6KGcn6Wi2d5lDyCjEP4z9dNVXDtZixKUgURnT0apByrGOfN4D4TQBUfa0KoYPrfmA6JIFTp/sq6EHt+/UXSO q/aVtW+q1XqtaKaEjpCx+gU2egK1VEDOaiJKJqgZ/SCXo0n4814Nz5m1iWjyBygPzA+fwD3XJni</latexit><latexit sha1_base64="y2I/je3ALLOXr235Udm/h0sC744=">AAACDHicbVDLSg MxFM34rPU16sKFm2ARXEiZ0aJuhIKbLkewD2iHIZPeaUMzD5KMUob+gj/hVnfuxK3/4MZvMdPOQlsPhBzOPYfkHj/hTCrL+jKWlldW19ZLG+XNre2dXXNvvyXjVFBo0pjH ouMTCZxF0FRMcegkAkjoc2j7o9t83n4AIVkc3atxAm5IBhELGCVKS5552PAubxzP6tE0wY5nF/eFZ1asqjUFXiR2QSqogOOZ371+TNMQIkU5kbJrW4lyMyIUoxwm5V4qIS F0RAbQ1TQiIUg3my4wwSda6eMgFvpECk/V34mMhFKOQ187Q6KGcn6Wi2d5lDyCjEP4z9dNVXDtZixKUgURnT0apByrGOfN4D4TQBUfa0KoYPrfmA6JIFTp/sq6EHt+/UXSO q/aVtW+q1XqtaKaEjpCx+gU2egK1VEDOaiJKJqgZ/SCXo0n4814Nz5m1iWjyBygPzA+fwD3XJni</latexit><latexit sha1_base64="y2I/je3ALLOXr235Udm/h0sC744=">AAACDHicbVDLSg MxFM34rPU16sKFm2ARXEiZ0aJuhIKbLkewD2iHIZPeaUMzD5KMUob+gj/hVnfuxK3/4MZvMdPOQlsPhBzOPYfkHj/hTCrL+jKWlldW19ZLG+XNre2dXXNvvyXjVFBo0pjH ouMTCZxF0FRMcegkAkjoc2j7o9t83n4AIVkc3atxAm5IBhELGCVKS5552PAubxzP6tE0wY5nF/eFZ1asqjUFXiR2QSqogOOZ371+TNMQIkU5kbJrW4lyMyIUoxwm5V4qIS F0RAbQ1TQiIUg3my4wwSda6eMgFvpECk/V34mMhFKOQ187Q6KGcn6Wi2d5lDyCjEP4z9dNVXDtZixKUgURnT0apByrGOfN4D4TQBUfa0KoYPrfmA6JIFTp/sq6EHt+/UXSO q/aVtW+q1XqtaKaEjpCx+gU2egK1VEDOaiJKJqgZ/SCXo0n4814Nz5m1iWjyBygPzA+fwD3XJni</latexit><latexit sha1_base64="y2I/je3ALLOXr235Udm/h0sC744=">AAACDHicbVDLSg MxFM34rPU16sKFm2ARXEiZ0aJuhIKbLkewD2iHIZPeaUMzD5KMUob+gj/hVnfuxK3/4MZvMdPOQlsPhBzOPYfkHj/hTCrL+jKWlldW19ZLG+XNre2dXXNvvyXjVFBo0pjH ouMTCZxF0FRMcegkAkjoc2j7o9t83n4AIVkc3atxAm5IBhELGCVKS5552PAubxzP6tE0wY5nF/eFZ1asqjUFXiR2QSqogOOZ371+TNMQIkU5kbJrW4lyMyIUoxwm5V4qIS F0RAbQ1TQiIUg3my4wwSda6eMgFvpECk/V34mMhFKOQ187Q6KGcn6Wi2d5lDyCjEP4z9dNVXDtZixKUgURnT0apByrGOfN4D4TQBUfa0KoYPrfmA6JIFTp/sq6EHt+/UXSO q/aVtW+q1XqtaKaEjpCx+gU2egK1VEDOaiJKJqgZ/SCXo0n4814Nz5m1iWjyBygPzA+fwD3XJni</latexit>
H7 = P0 [ P2 [ P3
<latexit sha1_base64="TCApIEH1Pxip8nOAYccJRyN9J/8=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIjK1tF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5x48FV5qQd2tpeWV1bT21kd7c2t7Zzezt11WUSAY1FolI Nn2qQPAQapprAc1YAg18AQ1/eDWdN25BKh6FN3oUQyeg/ZD3OKPaSF7msOIVLqseabMkxlXPXdznXiZLbOIW8zkXE9vNk5JTMiRPnNJFDjs2mSGLFqh6mY92N2JJAKFmgi rVckisO2MqNWcCJul2oiCmbEj70DI0pAGozni2wASfGKWLe5E0J9R4pn5PjGmg1CjwjTOgeqB+z6bi2TRK70BFAfzlayW6V+yMeRgnGkI2f7SXCKwjPG0Gd7kEpsXIEMokN //GbEAlZdr0lzaFfG2N/yd113aI7VznsuXcopoUOkLH6BQ5qIDKqIKqqIYYmqAH9IierHvr2XqxXufWJWuROUA/YL19AmX2miw=</latexit><latexit sha1_base64="TCApIEH1Pxip8nOAYccJRyN9J/8=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIjK1tF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5x48FV5qQd2tpeWV1bT21kd7c2t7Zzezt11WUSAY1FolI Nn2qQPAQapprAc1YAg18AQ1/eDWdN25BKh6FN3oUQyeg/ZD3OKPaSF7msOIVLqseabMkxlXPXdznXiZLbOIW8zkXE9vNk5JTMiRPnNJFDjs2mSGLFqh6mY92N2JJAKFmgi rVckisO2MqNWcCJul2oiCmbEj70DI0pAGozni2wASfGKWLe5E0J9R4pn5PjGmg1CjwjTOgeqB+z6bi2TRK70BFAfzlayW6V+yMeRgnGkI2f7SXCKwjPG0Gd7kEpsXIEMokN //GbEAlZdr0lzaFfG2N/yd113aI7VznsuXcopoUOkLH6BQ5qIDKqIKqqIYYmqAH9IierHvr2XqxXufWJWuROUA/YL19AmX2miw=</latexit><latexit sha1_base64="TCApIEH1Pxip8nOAYccJRyN9J/8=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIjK1tF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5x48FV5qQd2tpeWV1bT21kd7c2t7Zzezt11WUSAY1FolI Nn2qQPAQapprAc1YAg18AQ1/eDWdN25BKh6FN3oUQyeg/ZD3OKPaSF7msOIVLqseabMkxlXPXdznXiZLbOIW8zkXE9vNk5JTMiRPnNJFDjs2mSGLFqh6mY92N2JJAKFmgi rVckisO2MqNWcCJul2oiCmbEj70DI0pAGozni2wASfGKWLe5E0J9R4pn5PjGmg1CjwjTOgeqB+z6bi2TRK70BFAfzlayW6V+yMeRgnGkI2f7SXCKwjPG0Gd7kEpsXIEMokN //GbEAlZdr0lzaFfG2N/yd113aI7VznsuXcopoUOkLH6BQ5qIDKqIKqqIYYmqAH9IierHvr2XqxXufWJWuROUA/YL19AmX2miw=</latexit><latexit sha1_base64="TCApIEH1Pxip8nOAYccJRyN9J/8=">AAACDHicdVDLSg MxFM34rPVVdeHCTbAILmTIjK1tF0LBTZcV7APaMmTS2zY08yDJKKX0F/wJt7pzJ279Bzd+i+lDUNEDIYdzzyG5x48FV5qQd2tpeWV1bT21kd7c2t7Zzezt11WUSAY1FolI Nn2qQPAQapprAc1YAg18AQ1/eDWdN25BKh6FN3oUQyeg/ZD3OKPaSF7msOIVLqseabMkxlXPXdznXiZLbOIW8zkXE9vNk5JTMiRPnNJFDjs2mSGLFqh6mY92N2JJAKFmgi rVckisO2MqNWcCJul2oiCmbEj70DI0pAGozni2wASfGKWLe5E0J9R4pn5PjGmg1CjwjTOgeqB+z6bi2TRK70BFAfzlayW6V+yMeRgnGkI2f7SXCKwjPG0Gd7kEpsXIEMokN //GbEAlZdr0lzaFfG2N/yd113aI7VznsuXcopoUOkLH6BQ5qIDKqIKqqIYYmqAH9IierHvr2XqxXufWJWuROUA/YL19AmX2miw=</latexit>
P0
<latexit sha1_base64="Nys00f2BbTooCCtBR6amOKt9Vf8=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7es/vlcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE1mkoU=</latexit><latexit sha1_base64="Nys00f2BbTooCCtBR6amOKt9Vf8=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7es/vlcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE1mkoU=</latexit><latexit sha1_base64="Nys00f2BbTooCCtBR6amOKt9Vf8=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7es/vlcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE1mkoU=</latexit><latexit sha1_base64="Nys00f2BbTooCCtBR6amOKt9Vf8=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7es/vlcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE1mkoU=</latexit>
P1
<latexit sha1_base64="1ZHWqUmu5i+pJhSFphz2gF11ozE=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7ei/olcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE72koY=</latexit><latexit sha1_base64="1ZHWqUmu5i+pJhSFphz2gF11ozE=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7ei/olcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE72koY=</latexit><latexit sha1_base64="1ZHWqUmu5i+pJhSFphz2gF11ozE=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7ei/olcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE72koY=</latexit><latexit sha1_base64="1ZHWqUmu5i+pJhSFphz2gF11ozE=">AAAB9nicbVC7Sg NBFJ31GeMramkzGAQLCbsS0DJgYxnRPCBZwuzkbjJkHsvMrBpCPsFWOzux9Xds/BZnky008cDA4dxzuHdOlHBmrO9/eSura+sbm4Wt4vbO7t5+6eCwaVSqKTSo4kq3I2KA MwkNyyyHdqKBiIhDKxpdZ/PWA2jDlLy34wRCQQaSxYwS66S7ei/olcp+xZ8BL5MgJ2WUo94rfXf7iqYCpKWcGNMJ/MSGE6ItoxymxW5qICF0RAbQcVQSASaczE6d4lOn9H GstHvS4pn6OzEhwpixiJxTEDs0i7NMPM+i5BGMEvCfr5Pa+CqcMJmkFiSdL41Tjq3CWQe4zzRQy8eOEKqZuxvTIdGEWtdU0RUSLH5/mTQvKoFfCW6r5Vo1r6aAjtEJOkMBu kQ1dIPqqIEoGqBn9IJevSfvzXv3PubWFS/PHKE/8D5/AE72koY=</latexit>
P2
<latexit sha1_base64="v0YFTtCG75BfUOnGR+B2DyyspvM=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDJTCrosuHFZ0T6gHUomvdOGJpMhyahl6Ce41Z07cevvuPFbzLSz0NYDgcO553BvThBzpo3rfjmFtfWNza3idmlnd2//oHx41NYyURRaVHKpugHR wFkELcMMh26sgIiAQyeYXGfzzgMozWR0b6Yx+IKMIhYySoyV7pqD2qBccavuHHiVeDmpoBzNQfm7P5Q0ERAZyonWPc+NjZ8SZRjlMCv1Ew0xoRMygp6lERGg/XR+6gyfWW WIQ6nsiwyeq78TKRFaT0VgnYKYsV6eZeJFFiWPoKWA/3y9xIRXfsqiODEQ0cXSMOHYSJx1gIdMATV8agmhitm7MR0TRaixTZVsId7y91dJu1b13Kp3W6806nk1RXSCTtE58 tAlaqAb1EQtRNEIPaMX9Oo8OW/Ou/OxsBacPHOM/sD5/AFQhpKH</latexit><latexit sha1_base64="v0YFTtCG75BfUOnGR+B2DyyspvM=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDJTCrosuHFZ0T6gHUomvdOGJpMhyahl6Ce41Z07cevvuPFbzLSz0NYDgcO553BvThBzpo3rfjmFtfWNza3idmlnd2//oHx41NYyURRaVHKpugHR wFkELcMMh26sgIiAQyeYXGfzzgMozWR0b6Yx+IKMIhYySoyV7pqD2qBccavuHHiVeDmpoBzNQfm7P5Q0ERAZyonWPc+NjZ8SZRjlMCv1Ew0xoRMygp6lERGg/XR+6gyfWW WIQ6nsiwyeq78TKRFaT0VgnYKYsV6eZeJFFiWPoKWA/3y9xIRXfsqiODEQ0cXSMOHYSJx1gIdMATV8agmhitm7MR0TRaixTZVsId7y91dJu1b13Kp3W6806nk1RXSCTtE58 tAlaqAb1EQtRNEIPaMX9Oo8OW/Ou/OxsBacPHOM/sD5/AFQhpKH</latexit><latexit sha1_base64="v0YFTtCG75BfUOnGR+B2DyyspvM=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDJTCrosuHFZ0T6gHUomvdOGJpMhyahl6Ce41Z07cevvuPFbzLSz0NYDgcO553BvThBzpo3rfjmFtfWNza3idmlnd2//oHx41NYyURRaVHKpugHR wFkELcMMh26sgIiAQyeYXGfzzgMozWR0b6Yx+IKMIhYySoyV7pqD2qBccavuHHiVeDmpoBzNQfm7P5Q0ERAZyonWPc+NjZ8SZRjlMCv1Ew0xoRMygp6lERGg/XR+6gyfWW WIQ6nsiwyeq78TKRFaT0VgnYKYsV6eZeJFFiWPoKWA/3y9xIRXfsqiODEQ0cXSMOHYSJx1gIdMATV8agmhitm7MR0TRaixTZVsId7y91dJu1b13Kp3W6806nk1RXSCTtE58 tAlaqAb1EQtRNEIPaMX9Oo8OW/Ou/OxsBacPHOM/sD5/AFQhpKH</latexit><latexit sha1_base64="v0YFTtCG75BfUOnGR+B2DyyspvM=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDJTCrosuHFZ0T6gHUomvdOGJpMhyahl6Ce41Z07cevvuPFbzLSz0NYDgcO553BvThBzpo3rfjmFtfWNza3idmlnd2//oHx41NYyURRaVHKpugHR wFkELcMMh26sgIiAQyeYXGfzzgMozWR0b6Yx+IKMIhYySoyV7pqD2qBccavuHHiVeDmpoBzNQfm7P5Q0ERAZyonWPc+NjZ8SZRjlMCv1Ew0xoRMygp6lERGg/XR+6gyfWW WIQ6nsiwyeq78TKRFaT0VgnYKYsV6eZeJFFiWPoKWA/3y9xIRXfsqiODEQ0cXSMOHYSJx1gIdMATV8agmhitm7MR0TRaixTZVsId7y91dJu1b13Kp3W6806nk1RXSCTtE58 tAlaqAb1EQtRNEIPaMX9Oo8OW/Ou/OxsBacPHOM/sD5/AFQhpKH</latexit>
P3
<latexit sha1_base64="rq0yTBKutbLaQt+pjUrew+PP13Q=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDKjBV0W3LisaB/QDiWT3mlDk8mQZNQy9BPc6s6duPV33PgtZtpZaOuBwOHcc7g3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aGmZKApNKrlUnYBo 4CyCpmGGQydWQETAoR2Mr7N5+wGUZjK6N5MYfEGGEQsZJcZKd43+Rb9ccavuDHiZeDmpoByNfvm7N5A0ERAZyonWXc+NjZ8SZRjlMC31Eg0xoWMyhK6lERGg/XR26hSfWG WAQ6nsiwyeqb8TKRFaT0RgnYKYkV6cZeJZFiWPoKWA/3zdxIRXfsqiODEQ0fnSMOHYSJx1gAdMATV8Ygmhitm7MR0RRaixTZVsId7i95dJ67zquVXvtlap1/JqiugIHaNT5 KFLVEc3qIGaiKIhekYv6NV5ct6cd+djbi04eeYQ/YHz+QNSFpKI</latexit><latexit sha1_base64="rq0yTBKutbLaQt+pjUrew+PP13Q=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDKjBV0W3LisaB/QDiWT3mlDk8mQZNQy9BPc6s6duPV33PgtZtpZaOuBwOHcc7g3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aGmZKApNKrlUnYBo 4CyCpmGGQydWQETAoR2Mr7N5+wGUZjK6N5MYfEGGEQsZJcZKd43+Rb9ccavuDHiZeDmpoByNfvm7N5A0ERAZyonWXc+NjZ8SZRjlMC31Eg0xoWMyhK6lERGg/XR26hSfWG WAQ6nsiwyeqb8TKRFaT0RgnYKYkV6cZeJZFiWPoKWA/3zdxIRXfsqiODEQ0fnSMOHYSJx1gAdMATV8Ygmhitm7MR0RRaixTZVsId7i95dJ67zquVXvtlap1/JqiugIHaNT5 KFLVEc3qIGaiKIhekYv6NV5ct6cd+djbi04eeYQ/YHz+QNSFpKI</latexit><latexit sha1_base64="rq0yTBKutbLaQt+pjUrew+PP13Q=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDKjBV0W3LisaB/QDiWT3mlDk8mQZNQy9BPc6s6duPV33PgtZtpZaOuBwOHcc7g3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aGmZKApNKrlUnYBo 4CyCpmGGQydWQETAoR2Mr7N5+wGUZjK6N5MYfEGGEQsZJcZKd43+Rb9ccavuDHiZeDmpoByNfvm7N5A0ERAZyonWXc+NjZ8SZRjlMC31Eg0xoWMyhK6lERGg/XR26hSfWG WAQ6nsiwyeqb8TKRFaT0RgnYKYkV6cZeJZFiWPoKWA/3zdxIRXfsqiODEQ0fnSMOHYSJx1gAdMATV8Ygmhitm7MR0RRaixTZVsId7i95dJ67zquVXvtlap1/JqiugIHaNT5 KFLVEc3qIGaiKIhekYv6NV5ct6cd+djbi04eeYQ/YHz+QNSFpKI</latexit><latexit sha1_base64="rq0yTBKutbLaQt+pjUrew+PP13Q=">AAAB9nicbVDLSg MxFM3UV62vqks3wSK4kDKjBV0W3LisaB/QDiWT3mlDk8mQZNQy9BPc6s6duPV33PgtZtpZaOuBwOHcc7g3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aGmZKApNKrlUnYBo 4CyCpmGGQydWQETAoR2Mr7N5+wGUZjK6N5MYfEGGEQsZJcZKd43+Rb9ccavuDHiZeDmpoByNfvm7N5A0ERAZyonWXc+NjZ8SZRjlMC31Eg0xoWMyhK6lERGg/XR26hSfWG WAQ6nsiwyeqb8TKRFaT0RgnYKYkV6cZeJZFiWPoKWA/3zdxIRXfsqiODEQ0fnSMOHYSJx1gAdMATV8Ygmhitm7MR0RRaixTZVsId7i95dJ67zquVXvtlap1/JqiugIHaNT5 KFLVEc3qIGaiKIhekYv6NV5ct6cd+djbi04eeYQ/YHz+QNSFpKI</latexit>
Message Partitions
<latexit sha1_base64="Lk1oDRcfcSKClE6Re5GE+3CAHOU=">AAACB3icbVDLSg MxFM3UV62vsS7dBIvgQspMN7osuHEjVLAPaEvJpHfa0CQzJBm1DP0Af8Kt7tyJWz/Djd9ipp2Fth4IHM49Jzc5QcyZNp735RTW1jc2t4rbpZ3dvf0D97Dc0lGiKDRpxCPV CYgGziQ0DTMcOrECIgIO7WBylc3b96A0i+SdmcbQF2QkWcgoMVYauOUb0JqMADeIsnGr6YFb8areHHiV+DmpoByNgfvdG0Y0ESAN5UTrru/Fpp9mF1IOs1Iv0RATOrFrup ZKIkD30/nbZ/jUKkMcRsoeafBc/Z1IidB6KgLrFMSM9fIsE8+zKHkAHQn4z9dNTHjZT5mMEwOSLpaGCccmwlkpeMgUUMOnlhCqbA0U0zFRhBpbXckW4i9/f5W0alXfq/q3t Uq9lldTRMfoBJ0hH12gOrpGDdREFD2iZ/SCXp0n5815dz4W1oKTZ47QHzifP9oTmXs=</latexit><latexit sha1_base64="Lk1oDRcfcSKClE6Re5GE+3CAHOU=">AAACB3icbVDLSg MxFM3UV62vsS7dBIvgQspMN7osuHEjVLAPaEvJpHfa0CQzJBm1DP0Af8Kt7tyJWz/Djd9ipp2Fth4IHM49Jzc5QcyZNp735RTW1jc2t4rbpZ3dvf0D97Dc0lGiKDRpxCPV CYgGziQ0DTMcOrECIgIO7WBylc3b96A0i+SdmcbQF2QkWcgoMVYauOUb0JqMADeIsnGr6YFb8areHHiV+DmpoByNgfvdG0Y0ESAN5UTrru/Fpp9mF1IOs1Iv0RATOrFrup ZKIkD30/nbZ/jUKkMcRsoeafBc/Z1IidB6KgLrFMSM9fIsE8+zKHkAHQn4z9dNTHjZT5mMEwOSLpaGCccmwlkpeMgUUMOnlhCqbA0U0zFRhBpbXckW4i9/f5W0alXfq/q3t Uq9lldTRMfoBJ0hH12gOrpGDdREFD2iZ/SCXp0n5815dz4W1oKTZ47QHzifP9oTmXs=</latexit><latexit sha1_base64="Lk1oDRcfcSKClE6Re5GE+3CAHOU=">AAACB3icbVDLSg MxFM3UV62vsS7dBIvgQspMN7osuHEjVLAPaEvJpHfa0CQzJBm1DP0Af8Kt7tyJWz/Djd9ipp2Fth4IHM49Jzc5QcyZNp735RTW1jc2t4rbpZ3dvf0D97Dc0lGiKDRpxCPV CYgGziQ0DTMcOrECIgIO7WBylc3b96A0i+SdmcbQF2QkWcgoMVYauOUb0JqMADeIsnGr6YFb8areHHiV+DmpoByNgfvdG0Y0ESAN5UTrru/Fpp9mF1IOs1Iv0RATOrFrup ZKIkD30/nbZ/jUKkMcRsoeafBc/Z1IidB6KgLrFMSM9fIsE8+zKHkAHQn4z9dNTHjZT5mMEwOSLpaGCccmwlkpeMgUUMOnlhCqbA0U0zFRhBpbXckW4i9/f5W0alXfq/q3t Uq9lldTRMfoBJ0hH12gOrpGDdREFD2iZ/SCXp0n5815dz4W1oKTZ47QHzifP9oTmXs=</latexit><latexit sha1_base64="Lk1oDRcfcSKClE6Re5GE+3CAHOU=">AAACB3icbVDLSg MxFM3UV62vsS7dBIvgQspMN7osuHEjVLAPaEvJpHfa0CQzJBm1DP0Af8Kt7tyJWz/Djd9ipp2Fth4IHM49Jzc5QcyZNp735RTW1jc2t4rbpZ3dvf0D97Dc0lGiKDRpxCPV CYgGziQ0DTMcOrECIgIO7WBylc3b96A0i+SdmcbQF2QkWcgoMVYauOUb0JqMADeIsnGr6YFb8areHHiV+DmpoByNgfvdG0Y0ESAN5UTrru/Fpp9mF1IOs1Iv0RATOrFrup ZKIkD30/nbZ/jUKkMcRsoeafBc/Z1IidB6KgLrFMSM9fIsE8+zKHkAHQn4z9dNTHjZT5mMEwOSLpaGCccmwlkpeMgUUMOnlhCqbA0U0zFRhBpbXckW4i9/f5W0alXfq/q3t Uq9lldTRMfoBJ0hH12gOrpGDdREFD2iZ/SCXp0n5815dz4W1oKTZ47QHzifP9oTmXs=</latexit>
Messages
<latexit sha1_base64="rM4aAhlPtjod75PJZDrHy+ktezc=">AAAB+3icbVDLSg MxFM34rPVVdekmWAQXUma60WXBjRuhgn1AO5RMeqcNzWNIMkoZ+hNudedO3PoxbvwWM+0stPVA4HDuOcnNiRLOjPX9L29tfWNza7u0U97d2z84rBwdt41KNYUWVVzpbkQM cCahZZnl0E00EBFx6ESTm3zeeQRtmJIPdppAKMhIsphRYp3UvQNjyAjMoFL1a/4ceJUEBamiAs1B5bs/VDQVIC3lxJhe4Cc2zIi2jHKYlfupgYTQibu856gkAkyYzfed4X OnDHGstDvS4rn6O5ERYcxURM4piB2b5VkuXuZR8gRGCfjP10ttfB1mTCapBUkXj8Ypx1bhvAg8ZBqo5VNHCNXM7Y3pmGhCraur7AoJlr+/Str1WuDXgvt6tVEvqimhU3SGL lCArlAD3aImaiGKOHpGL+jVm3lv3rv3sbCueUXmBP2B9/kDuiuVDA==</latexit><latexit sha1_base64="rM4aAhlPtjod75PJZDrHy+ktezc=">AAAB+3icbVDLSg MxFM34rPVVdekmWAQXUma60WXBjRuhgn1AO5RMeqcNzWNIMkoZ+hNudedO3PoxbvwWM+0stPVA4HDuOcnNiRLOjPX9L29tfWNza7u0U97d2z84rBwdt41KNYUWVVzpbkQM cCahZZnl0E00EBFx6ESTm3zeeQRtmJIPdppAKMhIsphRYp3UvQNjyAjMoFL1a/4ceJUEBamiAs1B5bs/VDQVIC3lxJhe4Cc2zIi2jHKYlfupgYTQibu856gkAkyYzfed4X OnDHGstDvS4rn6O5ERYcxURM4piB2b5VkuXuZR8gRGCfjP10ttfB1mTCapBUkXj8Ypx1bhvAg8ZBqo5VNHCNXM7Y3pmGhCraur7AoJlr+/Str1WuDXgvt6tVEvqimhU3SGL lCArlAD3aImaiGKOHpGL+jVm3lv3rv3sbCueUXmBP2B9/kDuiuVDA==</latexit><latexit sha1_base64="rM4aAhlPtjod75PJZDrHy+ktezc=">AAAB+3icbVDLSg MxFM34rPVVdekmWAQXUma60WXBjRuhgn1AO5RMeqcNzWNIMkoZ+hNudedO3PoxbvwWM+0stPVA4HDuOcnNiRLOjPX9L29tfWNza7u0U97d2z84rBwdt41KNYUWVVzpbkQM cCahZZnl0E00EBFx6ESTm3zeeQRtmJIPdppAKMhIsphRYp3UvQNjyAjMoFL1a/4ceJUEBamiAs1B5bs/VDQVIC3lxJhe4Cc2zIi2jHKYlfupgYTQibu856gkAkyYzfed4X OnDHGstDvS4rn6O5ERYcxURM4piB2b5VkuXuZR8gRGCfjP10ttfB1mTCapBUkXj8Ypx1bhvAg8ZBqo5VNHCNXM7Y3pmGhCraur7AoJlr+/Str1WuDXgvt6tVEvqimhU3SGL lCArlAD3aImaiGKOHpGL+jVm3lv3rv3sbCueUXmBP2B9/kDuiuVDA==</latexit><latexit sha1_base64="rM4aAhlPtjod75PJZDrHy+ktezc=">AAAB+3icbVDLSg MxFM34rPVVdekmWAQXUma60WXBjRuhgn1AO5RMeqcNzWNIMkoZ+hNudedO3PoxbvwWM+0stPVA4HDuOcnNiRLOjPX9L29tfWNza7u0U97d2z84rBwdt41KNYUWVVzpbkQM cCahZZnl0E00EBFx6ESTm3zeeQRtmJIPdppAKMhIsphRYp3UvQNjyAjMoFL1a/4ceJUEBamiAs1B5bs/VDQVIC3lxJhe4Cc2zIi2jHKYlfupgYTQibu856gkAkyYzfed4X OnDHGstDvS4rn6O5ERYcxURM4piB2b5VkuXuZR8gRGCfjP10ttfB1mTCapBUkXj8Ypx1bhvAg8ZBqo5VNHCNXM7Y3pmGhCraur7AoJlr+/Str1WuDXgvt6tVEvqimhU3SGL lCArlAD3aImaiGKOHpGL+jVm3lv3rv3sbCueUXmBP2B9/kDuiuVDA==</latexit>
Absent Receivers
<latexit sha1_base64="+JOboUmD2un+6FGgTvlazPpYgr4=">AAACBXicbVC7Ts MwFHXKq5RXgJHFokJiQFXSBcYiFsaC6ENqo8pxb1urdhzZTlEVdeYnWGFjQ6x8BwvfgtNmgJYjWTo691z7+IQxZ9p43pdTWFvf2Nwqbpd2dvf2D9zDo6aWiaLQoJJL1Q6J Bs4iaBhmOLRjBUSEHFrh+CabtyagNJPRg5nGEAgyjNiAUWKs1HPd61BDZPA9UGCZseeWvYo3B14lfk7KKEe95353+5Imwt5COdG643uxCVKiDKMcZqVuoiEmdEyG0LE0Ig J0kM6Tz/CZVfp4IJU9NsVc/b2REqH1VITWKYgZ6eVZJl5kq+QRtBTwn6+TmMFVkLIoTgxEdPHoIOHYSJxVgvtMATV8agmhitncmI6IItTYPkq2EH/5+6ukWa34XsW/q5Zr1 byaIjpBp+gc+egS1dAtqqMGomiCntELenWenDfn3flYWAtOvnOM/sD5/AEPeph6</latexit><latexit sha1_base64="+JOboUmD2un+6FGgTvlazPpYgr4=">AAACBXicbVC7Ts MwFHXKq5RXgJHFokJiQFXSBcYiFsaC6ENqo8pxb1urdhzZTlEVdeYnWGFjQ6x8BwvfgtNmgJYjWTo691z7+IQxZ9p43pdTWFvf2Nwqbpd2dvf2D9zDo6aWiaLQoJJL1Q6J Bs4iaBhmOLRjBUSEHFrh+CabtyagNJPRg5nGEAgyjNiAUWKs1HPd61BDZPA9UGCZseeWvYo3B14lfk7KKEe95353+5Imwt5COdG643uxCVKiDKMcZqVuoiEmdEyG0LE0Ig J0kM6Tz/CZVfp4IJU9NsVc/b2REqH1VITWKYgZ6eVZJl5kq+QRtBTwn6+TmMFVkLIoTgxEdPHoIOHYSJxVgvtMATV8agmhitncmI6IItTYPkq2EH/5+6ukWa34XsW/q5Zr1 byaIjpBp+gc+egS1dAtqqMGomiCntELenWenDfn3flYWAtOvnOM/sD5/AEPeph6</latexit><latexit sha1_base64="+JOboUmD2un+6FGgTvlazPpYgr4=">AAACBXicbVC7Ts MwFHXKq5RXgJHFokJiQFXSBcYiFsaC6ENqo8pxb1urdhzZTlEVdeYnWGFjQ6x8BwvfgtNmgJYjWTo691z7+IQxZ9p43pdTWFvf2Nwqbpd2dvf2D9zDo6aWiaLQoJJL1Q6J Bs4iaBhmOLRjBUSEHFrh+CabtyagNJPRg5nGEAgyjNiAUWKs1HPd61BDZPA9UGCZseeWvYo3B14lfk7KKEe95353+5Imwt5COdG643uxCVKiDKMcZqVuoiEmdEyG0LE0Ig J0kM6Tz/CZVfp4IJU9NsVc/b2REqH1VITWKYgZ6eVZJl5kq+QRtBTwn6+TmMFVkLIoTgxEdPHoIOHYSJxVgvtMATV8agmhitncmI6IItTYPkq2EH/5+6ukWa34XsW/q5Zr1 byaIjpBp+gc+egS1dAtqqMGomiCntELenWenDfn3flYWAtOvnOM/sD5/AEPeph6</latexit><latexit sha1_base64="+JOboUmD2un+6FGgTvlazPpYgr4=">AAACBXicbVC7Ts MwFHXKq5RXgJHFokJiQFXSBcYiFsaC6ENqo8pxb1urdhzZTlEVdeYnWGFjQ6x8BwvfgtNmgJYjWTo691z7+IQxZ9p43pdTWFvf2Nwqbpd2dvf2D9zDo6aWiaLQoJJL1Q6J Bs4iaBhmOLRjBUSEHFrh+CabtyagNJPRg5nGEAgyjNiAUWKs1HPd61BDZPA9UGCZseeWvYo3B14lfk7KKEe95353+5Imwt5COdG643uxCVKiDKMcZqVuoiEmdEyG0LE0Ig J0kM6Tz/CZVfp4IJU9NsVc/b2REqH1VITWKYgZ6eVZJl5kq+QRtBTwn6+TmMFVkLIoTgxEdPHoIOHYSJxVgvtMATV8agmhitncmI6IItTYPkq2EH/5+6ukWa34XsW/q5Zr1 byaIjpBp+gc+egS1dAtqqMGomiCntELenWenDfn3flYWAtOvnOM/sD5/AEPeph6</latexit>}
<latexit sha1_base64="lKkR/I7vcgo4iYQ3xnGzkM61ZIc=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbtptAzYWEYxD0iWMDu5mwyZxzIzawhLwA+w1c5ObP0eG7/F2SSFJh64cDj3XO69J0o4M9b3v7y19Y3Nre3CTnF3b//gsHR03DQq1RQaVHGl2xExwJmEhmWWQzvRQETEoRWNbvJ+6xG0YUo+2EkCoSADyWJGiXXSfXfaK5X9ij8DXiXBgpTRAv Ve6bvbVzQVIC3lxJhO4Cc2zIi2jHKYFrupgYTQERlAx1FJBJgwm106xedO6eNYaVfS4pn6eyIjwpiJiJxTEDs0y71cvMxHyRiMEvCfr5Pa+DrMmExSC5LOl8Ypx1bhPALcZxqo5RNHCNXM3Y3pkGhCrQuq6AIJlt9fJc1qJfArwV21XIue5tEU0Ck6QxcoQFeohm5RHTUQRTF6Ri/o1Rt7b9679zG3rnmLOE/QH3ifP1GnkyE=</latexit><latexit sha1_base64="lKkR/I7vcgo4iYQ3xnGzkM61ZIc=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbtptAzYWEYxD0iWMDu5mwyZxzIzawhLwA+w1c5ObP0eG7/F2SSFJh64cDj3XO69J0o4M9b3v7y19Y3Nre3CTnF3b//gsHR03DQq1RQaVHGl2xExwJmEhmWWQzvRQETEoRWNbvJ+6xG0YUo+2EkCoSADyWJGiXXSfXfaK5X9ij8DXiXBgpTRAv Ve6bvbVzQVIC3lxJhO4Cc2zIi2jHKYFrupgYTQERlAx1FJBJgwm106xedO6eNYaVfS4pn6eyIjwpiJiJxTEDs0y71cvMxHyRiMEvCfr5Pa+DrMmExSC5LOl8Ypx1bhPALcZxqo5RNHCNXM3Y3pkGhCrQuq6AIJlt9fJc1qJfArwV21XIue5tEU0Ck6QxcoQFeohm5RHTUQRTF6Ri/o1Rt7b9679zG3rnmLOE/QH3ifP1GnkyE=</latexit><latexit sha1_base64="lKkR/I7vcgo4iYQ3xnGzkM61ZIc=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbtptAzYWEYxD0iWMDu5mwyZxzIzawhLwA+w1c5ObP0eG7/F2SSFJh64cDj3XO69J0o4M9b3v7y19Y3Nre3CTnF3b//gsHR03DQq1RQaVHGl2xExwJmEhmWWQzvRQETEoRWNbvJ+6xG0YUo+2EkCoSADyWJGiXXSfXfaK5X9ij8DXiXBgpTRAv Ve6bvbVzQVIC3lxJhO4Cc2zIi2jHKYFrupgYTQERlAx1FJBJgwm106xedO6eNYaVfS4pn6eyIjwpiJiJxTEDs0y71cvMxHyRiMEvCfr5Pa+DrMmExSC5LOl8Ypx1bhPALcZxqo5RNHCNXM3Y3pkGhCrQuq6AIJlt9fJc1qJfArwV21XIue5tEU0Ck6QxcoQFeohm5RHTUQRTF6Ri/o1Rt7b9679zG3rnmLOE/QH3ifP1GnkyE=</latexit><latexit sha1_base64="lKkR/I7vcgo4iYQ3xnGzkM61ZIc=">AAAB9XicbVC7SgNBFJ31GeMramkzGAQLCbtptAzYWEYxD0iWMDu5mwyZxzIzawhLwA+w1c5ObP0eG7/F2SSFJh64cDj3XO69J0o4M9b3v7y19Y3Nre3CTnF3b//gsHR03DQq1RQaVHGl2xExwJmEhmWWQzvRQETEoRWNbvJ+6xG0YUo+2EkCoSADyWJGiXXSfXfaK5X9ij8DXiXBgpTRAv Ve6bvbVzQVIC3lxJhO4Cc2zIi2jHKYFrupgYTQERlAx1FJBJgwm106xedO6eNYaVfS4pn6eyIjwpiJiJxTEDs0y71cvMxHyRiMEvCfr5Pa+DrMmExSC5LOl8Ypx1bhPALcZxqo5RNHCNXM3Y3pkGhCrQuq6AIJlt9fJc1qJfArwV21XIue5tEU0Ck6QxcoQFeohm5RHTUQRTF6Ri/o1Rt7b9679zG3rnmLOE/QH3ifP1GnkyE=</latexit>
Fig. 1: Perfectly 3-nested absent receivers, where circles denote
messages, {Pi}3i=0 partitions, and {Hi}7i=1 absent receivers.
terminates without hitting another absent receiver if Q = L − 1.
In any case, by the choice of skipped messages we devised, the
maximum skipped messages is L − 1 for any decoding choice,
and therefore Lemma 5 gives βq(Pm,U+ ) ≥ m − L + 1.
With the above results, we can show the following:
Corollary 1: For any Pm,U, removing a message from a
present receiver H ∈ U may strictly increase or strictly decrease
the optimal broadcast rate βq(Pm,U).
We prove Corollary 1 using the example below:
Example 2: Consider m = 5 and a set of absent re-
ceivers Uabs1 = {{1, 2, 3}, {3}, {3, 4}}. Using Theorem 1, we
have βq(Pm,U1 ) = m − 1. Now, we remove message 5
from a present receiver {3, 4, 5} ∈ U1. This is equivalent to
replacing the present receiver {3, 4, 5} with a new present
receiver {3, 4}. We get Uabs2 = {{1, 2, 3}, {3}, {3, 4, 5}}, which
forms perfectly 2-nested absent receivers. Using Theorem 4,
βq(Pm,U2 ) = m − 2. We continue by removing messages 2
and 4 from the present receiver {2, 3, 4} ∈ U2. This replaces
the present receiver {2, 3, 4} with a new present receiver {3}.
We get Uabs3 = {{1, 2, 3}, {2, 3, 4}, {3, 4, 5}}. Using Theorem 3,
βq(Pm,U3 ) = m − 1.
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